By using the classically solvable minimal massless scalar minisuperspace model we study two examples of wave functions of the universe in the semiclassical limit. The first one consists of a Lorentzian component and a Euclidean component and admits a clear semiclassical interpretation as a superposition of universes. The second one consists of a Lorentzian (or Euclidean) component and another oscillatory component which corresponds to (neither Lorentzian nor Euclidean) complex classical solutions. This example has some resemblance to Hawking's minimal massive scalar minisuperspace model. We suggest a possible way of recovering the classical interpretation in such a case. § 1. Introduction
In quantum cosmologyl)-4) we describe the universe by a wave function which satisfies the Wheeler-DeWitt equation_ This is a second-order linear partial differential equation_ In the h -> 0 limit some of its solutions admit clear classical interpretation while others do not. In the present paper we study the semiclassical limit of wave functions in a classically solvable minisuperspace model and discuss the classical interpretation.
In § 2 we present the model and its classical solutions. The model is the minimal massless scalar theoryS) coupled to the Einstein gravity with all the spatial degrees. of freedom suppressed, i.e., in the minisuperspace approximation. By using a convenient set of variables we write down the most general complex classical solutions which include real Lorentzian and Euclidean solutions as special cases. (For another classically solvable model, see Ref. · 6) .) In § 3 we show the first set of examples for wave functions of the universe. In the semiclassical sense these wave functions correspond to a set of Lorentzian and Euclidean solutions which pass a certain fixed point in the minisuperspace (the configuration space), and therefore can be interpreted as a superposition of universes.
In § 4 we rewrite the above examples in the path integral representation, which includes slight refinement of the formula in previous works. We also study the consequence of Hartle and Hawking's initial condition 3 ) which states that only the histories starting from the vanishing cosmic scale factor should be summed. In the present model . this condition gives us a wave function which contains no universe.
In § 5 we present the second example of wave functions, in which appears a region that is neither Lorentzian nor Euclidean. We use a path integral representation written in terms of a new set of canonical variables. This is transformed to the wave function in th~ original variables by using the generating function of the canonical transformation. The result shows that the wave function in the saddle point approximation is given by (neither Lorentzian nor Euclidean) complex classical solutions in some region.
In § 6 we discuss the picture that the universe is created from nothing by the tunneling process.
2 )
We first present the path integral representation of Vilenkin's pure gravity model and its classical interpretation. Next we discuss Hawking's minimal massive S. Wada scalar model and point out a similarity to the example of the massless model in § 5. Section 7 is for conclusion. § 2. The model and its classical solutions
In this paper we mainly deal with the minimal massless scalar theory in the minisuperspace approximation. 5 ) The Lagrangian is
In the minisuperspace approximation we assume that ¢ depends only on time and that the metric is of the Robertson-Walker type with the closed spatial section,
Then the canonical form of the action is
where J[a and J[if> are canonical momenta and the overdot represents differentiation with respect to t. The following set of the variables is convenient (2) in terms of which (1) becomes
Classical solutions of this model are obtained from
The first equation is the (0,0) component of Einstein's equations and corresponds to the constraint H = O. The second one is the equation of motion of ¢ and immediately gives
where c is an integration constant. Substituting this into (4a), we get
Its solution is
Y=aX+S,
When Ndt is real, c in (5) is also real and a should be negative. This is an Qrdinary Lorentzian solution. Likewise a should be positive when Ndt is imaginary. This is nothing but a Euclidean solution. In general, a and S are complex.
In the following sections we need the value of the action for the classical solutions. From (3), (5) and (6) In the quantum theory the physical state 1fJ' is defined by the Wheeler-DeWitt equation H1fJ' ~O. In the model described in the previous section we get from (3) (We comment on ambiguities of the operator ordering below') To study the classical limit (h --> 0) we write the wave function as
where W satisfies the equation < 0 and this is a classically allowed region.
This situation is summarized in Fig. 1 .
From the definition of S we can regard the wave functions (10) and (12) as a superposition of the universes which pass through the point (Xo, Yo). We make this interpretation more explicit by calculating the prefactor A in the WKB approximation. In the next-to-Ieading order in h, (9) gives oxA OyS + oyA oxS + A OxOyS = 0 .
Its solution is (13)
where Ao is an arbitrary function. When Ao(.~) = 0' (~-~o), for an instance, the wave function is non-zero only along the classical solution Y -Yo= ~o(X -Xo) and its classical meaning is clear. In general, Ao is arbitrary and can be expressed as a superposition of the delta functions with an appropriate weight factor. In this sense (10) with (12) and Two comments are in order. Firstly the Wheeler-DeWitt equation in the form of (9) is not unique but has ambiguities in higher order in h. Some of them (e.g., the operator ordering in the first term) cancels with the corresponding change of the measure which comes from the requirement that H is hermitian. In general, however, ambiguities in O( h) have physical effects.
Secondly the plane wave is an exact solution of (9) if the above ambiguities are ignored. Classically this corresponds to the set of the parallel Lorentzian solutions, but its interpretation in terms of the action (and the path integral) needs a canonical transformation of the variables,
The technique of canonical transformations will be used in § 5 in a different example. §
Path integral and Hartle and Hawking's boundary conditions
In this section we discuss the wave function in the framework of the path integral scheme. The path integral representation of wave functions of the model described by (3) is
(16) The path integral is an expression for the transition amplitude between two classical configurations. In the above we mean that the initial configuration is (Xo, Yo) and the' final configuration is (X, Y) . N is not a physical degree of freedom and N at t=O and T should be integrated. The origin of N and also of the gauge fixing is the time reparametrization invariance of the theory. In Ref. 7) we showed, by using the gauge IV =0, that 1Jf in (16) satisfies the Wheeler-DeWitt equation in (X, Y) and that 1Jf does not depend on T except a trivial factor. In this sense 1Jf in (16) is a physical state.
In the gauge IV = 0 the integration ITt g) N (t) reduces to the simple integral dN. In the Euclidean formulation we should rotate the time as t --+ it. But it is equivalent to the rotation of the integration contour for dN from the real axis to the imaginary one, since dt in the action (both for integration and for differentiation) is always multiplied by N. Therefore we do not rotate the time in (16), but rotate the integration contour for dN so that it passes saddle points in the complex N plane.
We estimate (16) in the saddle point method (Le., in the stationary phase approximation). The path which gives the stationary phase in (16) Though N is t-independent in the present gauge, the first two of (17) imply oS/oN(t) is a constant of motion, which should be zero because of the third of (17). Therefore (17) is equivalent to
( oX(t) or
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and so is equivalent to (4) . This implies that the saddle point is nothing but a classical solution and that, in the'leading order of the saddle point approximation, More precisely we consider the solutions only for 0 < X < Xc where Xc is the coordinate of the contact point. In terms of the original variables these solutions correspond to the universes which expand from a=O (¢= -(X) to the maximum value a=/A at some ¢. This set of the solutions covers the region XY <A2 as is shown in Fig. 3 and defines a wave function there in the semiclassical limit, as will be shown below. Our interest is what this wave function expresses when it is continued to the region XY > A2.
Note that even the wave function for XY <A2 is not trivial because the above set of the solutions does not have the initial points in common and the naive path integral expression fails. This difficulty is overcome by using a new variable where H is the same as that in (3). The saddle point for this path integral is given again by a classical solution and in the leading order of the saddle point approximation we get § = f7rxdX + f 7r fdY 
where Y is given by (21) with X=X and Y= Y. Then
. which is real only at t = 0 and t = T. However a( r) is an analytic function of T and when we calculate the action, we can distort the path to the one which goes to To first and later moves horizontally to NT. function describes the de Sitter universe which is created at a( r= ro) =J3/A by the tunneling process from q(r=O)=O(i.e., "nothing") . In Ref. 4 ) the authors discussed a model in which the massive minimal scalar field couples to the above system. In terms of the variables defined in (2) the Hamiltonian is written as
B(X, Y)=Y-a(X, Y)X= X\l-
H = -6(XY) 1/4{ ~ JrxJry + V} , V=l-m 2 (XY) 1/2(log X)2 (28)
Y
An essential difference from the massless case is that the potential term changes its sign inside the physical region. The lines V = 0 are shown in Fig. 5 . In the third of Ref. 4) the authors solved the WheelerDeWitt equation numerically by using the boundary conditions on the light cone XY =0 given by Hartle and Hawking's initial condition (see below). The result shows that 1Jf is nonoscillatory in the region including XY ~O and that 1Jf is oscillatory when XY is large (see Fig. 5 ).
The emergence of the oscillatory region is understood at least when Y/X (or X/Y) ~ 1 as follows: Consider the set of the classical solutions which start from Hartle and Hawking's initial point X= Y=O and goes into the physical region. They are Euclidean solutions, because the mass term in (26) can be ignored when XY~O and H is equal to that of the massless case. In the massless case which was discussed in the previous sections, these classical trajectories go straight without intersecting each other and cover the whole physical region. Therefore they define the whole wave function in the saddle point approximation, as was shown in Fig. 2 . In the massive case, however, the classical solutions bend and intersect with each other as is depicted in Fig. 5 . We can write the contours of the action from these Euclidean solutions (nearly?) up to the maximum of XY = a
•
However we cannot determine the action from them beyond their envelope, which becomes the boundary between the nonoscillatory region and the oscillatory one ..
The nonoscillatory region which is given by the Euclidean solutions is an ordinary classically forbidden region. Then how· can we interpret the oscillatory region? Does it describe a superposition of universes created by the tunneling? We suggest that this is not the case, in an ordinary sense at least.
In order that the above interpretation is possible, the wave function should be written as
and, in the leading order in h, /7 Si should coincide with Lorentzian solutions. Si in the leading order is calculated from classical solutions which give the stationary phase (saddle points) for the path integral formula. By considering the above pure gravity example, it is natural to believe that the saddle points in the oscillatory region of the massive scalar model are given by complex classical solutions, as was also the case in the example of the previous section. (Note also that there is a similarity between the two examples; their Euclidean regions, or at least a part of them, are bounded by an envelope of the Euclidean trajectories') If there were only one physical degree of freedom, a complex solution were transformed to a sum of a Lorentzian and a Euclidean one by distorting the path of Nt in its complex plane. This was in fact the case in the pure gravity example and JaS is nothing but the classical de Sitter solution. When there are two or more physical degrees of freedom, however, this trick fails. We cannot put two complex functions into the physical region simultaneously by distorting the path. In the example of the previous section, for example, V S in the oscillatory region was not real and did not give Lorentzian solutions. C Another feature which indicates the difference between the pure gravity model and a model with multiple physical degrees of freedom is that, in the former, the Euclidean solution bounces exactly where the potential vanishes (a = AI 3) while in the latter Euclidean solutions cross the line V ~ 0 because the multiple kinetic terms do not vanish simultaneously and therefore the boundary of the oscillatory region does not coincide with V=O. As a result, in the former, the Euclidean and Lorentzian solutions are smoothly connected at a=j AI 3 (i.e., it =0 for both solutions). In the latter, on the other hand, they are not smoothly connected in the minisuperspace, since XY is nonvanishing (because V *0) and its sign is opposite (because dt 2 =-(dit)2).
From th~se considerations we speculate that the oscillatory region in the massive minimal scalar model is not Lorentzian and a straightforward classical interpretation is not possible. However there is a possibility that a classical interpretation is recovered in a certain asymptotic region as was the case in the previous section. This is sufficient in practice because the WKB approximation itself is not good in the region V~O, even if V S is real. § 7.
Conclusion
In this paper we discussed some examples of wave functions of the universe in the semiclassical limit. The classical interpretation of the examples shown here are the following:
(1) Superposition of universes ( § 3). When the action is real, it is given by (classical) Lorentzian solutions. When the action is imaginary, it is given by Euclidean solutions. (2) A special case of (1) ( § 4). The action is imaginary and the whole physical region is classically forbidden. The wave function describes 'no universe'. (3) In some region the action is real (imaginary) and is given by Lorentzian solutions (Euclidean solutions). Elsewhere the action is complex and is given by complex classical solutions. In this region the wave function is oscillatory but does not describe classical universes in an ordinary sense ( § 5) . There is a possibility, however, that the interpretation as a superposition of universes is recovered in an asymptotic region. (4) The action in some region is given by complex solutions which, however, can be interpreted as a sum of Euclidean solutions and Lorentzian solutions. Therefore the wave function describes a classical universe (the first example in § 6).
We speculate that the wave function of the massive minimal scalar model in Ref.
4) belongs to (3).
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